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Abstract
The goal of this paper is to give some constructions results and examples of BiHom-
Poisson algebras. Next, generalized derivations of Bihom-Poisson algebras are introduced
and some basic properties concerning these notions are given. Furthermore, admissible
BiHom-Poisson algebras are given and it is shown that BiHom-Poisson algebras can be
described using only one of their two binary operations. Finally, BiHom-Poisson modules
and several constructions of these notions are obtained.
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1 Introduction
A Poisson algebra (P, {·, ·}, µ) consists of a commutative associative algebra (A,µ)
together with a Lie structure {·, ·}, satisfying the Leibniz identity:
{µ(x, y), z} = µ({x, z}, y) + µ(x, {y, z})
These algebras firstly appeared in the work of Sime´on-Denis Poisson two centuries ago when
he was studying the three-body problem in celestial mechanics. Since then, Poisson algebras
have shown to be connected to many areas of mathematics and physics. Indeed, in mathe-
matics, Poisson algebras play a fundamental role in Poisson geometry [33], quantum groups
[7],[10] and deformation of commutative associative algebras [12] whereas in physics, Poisson
algebras represent a major part of deformation quantization [16], Hamiltonian mechanics [2]
and topological field theories [32]. Poisson-like structures are also used in the study of vertex
operator algebras [11].
Algebras where the identities defining the structure are twisted by a homomorphism are
called Hom-algebras. Hom-type algebras appeared in the Physics literature of the 1990’s, when
looking for quantum deformations of some algebras of vector fields, like Witt and Virasoro
algebras ([1], [23]). It was observed that algebras obtained by deforming certain Lie algebras
no longer satisfied the Jacobi identity, but a modified version of it involving a homomorphism.
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An axiomatization of this type of algebras (called Hom-Lie algebras) was given in [20], [24].
The associative counterpart of Hom-Lie algebras (called Hom-associative algebras) has been
introduced in [30], where it was proved also that the commutator bracket defined by the
multiplication in a Hom-associative algebra gives rise to a Hom-Lie algebra.
A BiHom-algebra is an algebra in such a way that the identities defining the structure
are twisted by two homomorphisms α and β. This class of algebras was introduced from a
categorical approach in [17] as an extension of the class of Hom-algebras. These algebraic
structures include BiHom-associative algebras, BiHom-Jordan algebras, BiHom-alternative
algebras and BiHom-Lie algebras. More applications of BiHom-type can be found in [18, 19,
8, 9, 25, 27, 29].
The purpose of this paper is to study a BiHom-Poisson algebras. In a BiHom-Poisson
algebra A, there is two linear maps (the twisting maps) and two binary operations {·, ·} (the
BiHom-Lie bracket) and µ (the BiHom-associative product). The associativity, the Jacobi
identity, and the Leibniz identity in Poisson algebra are replaced by their BiHom-type ana-
logues in a BiHom-Poisson algebra. In particular, (A,µ, α, β) is a BiHom-associative algebra
[17], and (A, {·, ·}, α, β) is a BiHom-Lie algebra [17]. If the twisting maps is the identity maps,
then a BiHom-Poisson algebra reduces to a Poisson algebra.
The paper is organized as follows. Section 2 contains some necessary important basic
notions and notations related to BiHom-algebras, BiHom-Poisson algebras and modules over
BiHom-associative algebras. Section 3 presents some constructions results of BiHom-Poisson
algebras. In section 4 we give some basic properties concerning the derivation algebra, the
quasiderivation algebra and the generalized derivation algebra of a Bihom-Poisson algebras.
In section 5 it is shown that BiHom-Poisson algebras are equivalent to admissible BiHom-
Poisson algebras, each of which has one twisting map and only one binary operation. The
correspondence between BiHom-Poisson algebras and admissible BiHom-Poisson algebras is
the BiHom-version of the correspondence between Hom-Poisson algebras and admissible Hom-
Poisson algebras [9, 16]. In section 6, we give definitions and some properties of BiHom-Poisson
algebras modules and we prove that from a given BiHom-Poisson algebras modules, a sequence
of this kind of modules can be constructed, also we define the first, second cohomology groups
on BiHom-Poisson algebras.
Throughout this paper K is an algebraically closed field of characteristic 0 and A is a
K-vector space.
2 Preliminaries
This section contains necessary important basic notions and notations which will be used in
next sections. For the map µ : A⊗2 −→ A, we will sometimes µ(a ⊗ b) as µ(a, b) or ab for
a, b ∈ A and if V is another vector space, τ1 : A⊗ V −→ V ⊗A (resp. τ2 : V ⊗A −→ A⊗ V )
denote the twist isomorphism τ1(a⊗ v) = v ⊗ a (resp. τ2(v ⊗ a) = a⊗ v).
Definition 2.1. A BiHom-module is a pair (M,αM , βM ) consisting of a K-module M and a
linear self-maps αM , βM :M −→M such that αMβM = βMαM . A morphism
f : (M,αM , βM ) → (N,αN , βN ) of BiHom-modules is a linear map f : M −→ N such that
fαM = αNf and fβM = βNf.
Definition 2.2. [14] A BiHom-algebra is a quadruple (A,µ, α, β) in which (A,α, β) is a
BiHom-module, µ : A⊗2 → A is a linear map. The BiHom-algebra (A,µ, α;β) is said to be
multiplicative if α ◦ µ = µ ◦ α⊗2 and β ◦ µ = µ ◦ β⊗2 (multiplicativity).
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Definition 2.3. Let (A,µ, α, β) be a BiHom-algebra. Then
1. A BiHom-subalgebra of (A,µ, α, β) is a linear subspace H of A, which is closed for the
multiplication µ and invariant by α and β, that is, µ(x, y) ∈ H, α(x) ∈ H and β(x) ∈ H
for all x, y ∈ H. If furthermore µ(a, b) ∈ H and µ(b, a) ∈ H for all (a, b) ∈ A×H, then
H is called a two-sided BiHom ideal of A.
2. (A,µ, α, β) is said to be BiHom-commutative if µ(β(x), α(y)) = µ(β(y), α(x)) ∀x, y ∈ A.
3. (A,µ, α, β) is said to be regular if α and β are algebra automorphisms.
4. (A,µ, α, β) is said to be involutive if α and β are two involutions, that is α2 = β2 = id.
Definition 2.4. Let (A,µ, α, β) and (A
′
, µ
′
, α
′
, β
′
) be two BiHom- algebras. Then a homo-
morphism f : A −→ A
′
is said to be a BiHom-algebra morphism if the following conditions
hold:
f ◦ µ = µ
′
◦ (f ⊗ f),
f ◦ α = α
′
◦ f,
f ◦ β = β
′
◦ f.
Denote by Γf = {x+ f(x); x ∈ A} ⊂ A⊕A
′ the graph of a linear map f : A −→ A
′
.
Definition 2.5. [28] Let (A,µ, α, β) be a BiHom-algebra and let λ ∈ K. Let R : A→ A be a
linear map satisfying
µ(R(x), R(y)) = R(µ(R(x), y) + µ(x,R(y)) + λµ(x, y)), for any x, y ∈ A.
Then R is called a Rota-Baxter operator of weight λ and (A,µ, α, β,R) is called a Rota-Baxter
BiHom-algebra of weight λ.
Definition 2.6. 1. A BiHom-associative algebra [14] is a multiplicative Bihom-algebra
(A,µ, α, β) satisfying the following BiHom-associativity condition:
asA(x, y, z) := µ(µ(x, y), β(z)) − µ(α(x), µ(y, z)) = 0, for all x, y, z ∈ A. (2.1)
2. A BiHom-Lie algebra [14] is a multiplicative Bihom-algebra (A, {·, ·}, α, β) satisfying the
BiHom-skew-symmetry and the BiHom-Jacobi identities i.e.
{β(x), α(y)} = −{β(y), α(x)}
	x,w,z {β
2(x), {β(y), α(z)}} = 0 (2.2)
where 	x,y,z denotes the summation over the cyclic permutation on x, y, z.
Clearly, a Hom-associative algebra (A,µ, α) can be regarded as a BiHom-associative alge-
bra (A,µ, α, α).
Definition 2.7. [28] A BiHom-Poisson algebra consists of a vector space A, two bilinear
maps µ, {·, ·} : A⊗2 −→ A, linear maps α, β : A −→ A such that
1. (A,µ, α, β) is a BiHom-commutative BiHom-associative algebra,
2. (A, {·, ·}, α, β) is a BiHom-Lie algebra,
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3. the BiHom-Leibniz identity
{αβ(x), µ(y, z)} = µ({β(x), y}, β(z)) + µ(β(y), {α(x), z}) (2.3)
is satisfied for all x, y, z ∈ A.
In a BiHom-Poisson algebra (A, {·, ·}, µ, α, β), the operations µ and {·, ·} are called the
BiHom-associative product and the BiHom-Poisson bracket, respectively.
Remark 2.8. A non-BiHom-commutative BiHom-Poisson algebra is a BiHom-Poisson alge-
bra without the BiHom-commutativity assumption. These Bihom-algebras are called BiHom-
Poisson algebras [28].
Definition 2.9. Let (A, {·, ·}, µ, α, β) a BiHom-Poisson algebra. A subspace H of A is called
1. A BiHom-subalgebra of L if
α(H) ⊆ H, β(H) ⊆ H, µ(H,H) ⊆ H and {H,H} ⊆ H.
2. A left-BiHom ideal of L if
α(H) ⊆ H, β(H) ⊆ H, µ(L,H) ⊆ H and {L,H} ⊆ H.
3. A right-BiHom ideal of L if
α(H) ⊆ H, β(H) ⊆ H, µ(H,L) ⊆ H and {H,L} ⊆ H.
4. A two sided BiHom-ideal if H is both a left and a right BiHom-ideal of L.
Definition 2.10. Let (A, {·, ·}, µ, α, β) a BiHom-Poisson algebra.
1. A is multiplicative if
α{·, ·} = {·, ·}α⊗2, β{·, ·} = {·, ·}β⊗2 and αµ = µα⊗2, βµ = µβ⊗2.
2. Let (A′, {·, ·}′, µ′, α′, β′) be another BiHom-Poisson algebra. A weak morphism f : A→
A′ is a linear map such that
f{·, ·} = {·, ·}′f⊗2 and fµ = µ′f⊗2.
A morphism f : A→ A′ is a weak morphism such that fα = α′f and fβ = β′f .
Note that a 5-tuple (A, {·, ·}, µ, α, β) is multiplicative if and only if the twisting map
α, β : A→ A are morphisms.
Definition 2.11. Let (A,µ, α, β) be any BiHom-algebra.
1. A BiHom-module (V, φ, ψ) is called an A-bimodule if it comes equipped with a left and a
right structures maps on V that is morphisms ρl : (A⊗V, α⊗φ, β⊗ψ)→ (V, φ, ψ), a⊗
v 7→ a.v and ρr : (V ⊗A,φ⊗ α,ψ ⊗ ψ)→ (V, φ, ψ), v ⊗ a 7→ v.a of Bihom-modules.
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2. A morphism f : (V, φ, ψ, ρl , ρr)→ (W,φ
′, ψ′, ρ′l, ρ
′
r) of A-bimodules is a morphism of the
underlying BiHom-modules such that
f ◦ ρl = ρ
′
l ◦ (IdA ⊗ f) and f ◦ ρr = ρ
′
r ◦ (f ⊗ IdA).
That yields the commutative diagrams
A⊗ V
IdA⊗f

ρl
// V
f

A⊗W
ρ′
l
//W
V ⊗A
f⊗IdA

ρr
// V
f

W ⊗A
ρ′r
//W
Now, let consider the following notions for BiHom-associative algebras.
Definition 2.12. [14] Let (A,µ, α, β) be a BiHom-associative algebra and (V, φ, ψ) be a
BiHom-module. Then
1. A left BiHom-associative A-module structure on V consists of a morphism ρl : A⊗V −→
V of BiHom-modules, such that
ρl ◦ (α⊗ ρl) = ρl ◦ (µ⊗ ψ). (2.4)
In terms of diagram, we have
A⊗A⊗ V
µ⊗ψ

α⊗ρl
// A⊗ V
ρl

A⊗ V
ρl
// V
2. A right BiHom-associative A-module structure on V consists of a morphism ρr : V ⊗
A −→ V of BiHom-modules, such that
ρr ◦ (φ⊗ µ) = ρr ◦ (ρr ⊗ β). (2.5)
In terms of diagram, we have
V ⊗A⊗A
φ⊗µ

ρr⊗β
// V ⊗A
ρr

V ⊗A
ρr
// V
3. A BiHom-associative A-bimodule structure on V consists of two structure maps ρl :
A ⊗ V −→ V and ρr : V ⊗ A −→ V such that (V, φ, ψ, ρl) is a left BiHom-associative
A-module, (V, φ, ψ, ρr) is a right BiHom-associative A-module and that the following
BiHom-associativity condition holds:
ρl ◦ (α⊗ ρr) = ρr ◦ (ρl ⊗ β). (2.6)
In terms of diagram, we have
A⊗ V ⊗A
α⊗ρr

ρl⊗β
// V ⊗A
ρr

A⊗ V
ρl
// V
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3 Constructions of BiHom-Poisson algebras
In this section, we provide some constructions results of BiHom-Poisson algebras.
Proposition 3.1. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and I be a two-sided
BiHom-ideal of (A, {·, ·}, µ, α, β). Then (A/I, [·, ·], µ, α, β) is a BiHom-Poisson algebra where
[x, y] = {x, y}, µ(x, y) = µ(x, y), α(x) = α(x) and β(x) = β(x), for all x, y ∈ A/I
Proof. We only prove item 1. of definition 2.7, item 2. and item 3. are being proved similarly
For all x, y, z ∈ A/I we have
asA/I(x, y, z) = µ(µ(x, y), β(z))− µ(α(x), µ(y, z))
= µ(µ(x, y), β(z)) − µ(α(x), µ(y, z))
= 0 (by BiHom− associativity of A).
Then (A/I, µ, α, β) is a BiHom-associative algebra.
µ(β(x), α(y)) = µ(β(x), α(y))
= µ(β(y), α(x)) (by BiHom− commutativity ofA).
= µ(β(y), α(x))
Then (A/I, µ, α, β) is a BiHom-commutative algebra.
Proposition 3.2. Let (A,µ, α, β) be a regular BiHom-associative algebra. Then
AP = (A, {·, ·}, µ, α, β) is a regular non-BiHom-commutative BiHom-Poisson algebra, where
{·, ·} = µ− µ ◦ (α−1β ⊗ αβ−1) ◦ τ ,
where for all x, y ∈ A, τ(x⊗ y) = y ⊗ x.
Proof. 1. (A,µ, α, β) be a regular BiHom-associative algebra.
2. We prove the BiHom-skew-symmetry of {·, ·}. For any x, y ∈ A, we have
{β(x), α(y)} = µ(β(x), α(y)) − µ(α−1β(α(y)), αβ−1(β(x)))
= µ(β(x), α(y)) − µ(β(y), α(x))
= −(µ(β(y), α(x)) − µ(β(x), α(y)))
= −{β(y), α(x)}
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Now, we prove the BiHom-Jacobi-identity. For any x, y, z ∈ A, we have
	x,y,z
{
β2(x), {β(y), α(z)}
}
= 	x,y,z
{
β2(x), µ(β(y), α(z)) − µ(α−1β(α(z)), αβ−1(β(y)))
}
= 	x,y,z
(
µ(β2(x), µ(β(y), α(z))) − µ(µ(α−1β2(y), β(z)), αβ(x))
−µ(β2(x), µ(β(z), α(y))) + µ(µ(α−1β2(z), β(y)), αβ(x))
)
= µ(β2(x), µ(β(y), α(z))) − µ(µ(α−1β2(y), β(z), αβ(x))
−µ(β2(x), µ(β(z), α(y))) + µ(µ(α−1β2(z), β(y), αβ(x))
+µ(β2(z), µ(β(x), α(y))) − µ(µ(α−1β2(x), β(y), αβ(z))
−µ(β2(z), µ(β(y), α(x))) + µ(µ(α−1β2(y), β(x), αβ(z))
+µ(β2(y), µ(β(z), α(x))) − µ(µ(α−1β2(z), β(x), αβ(y))
−µ(β2(y), µ(β(x), α(z))) + µ(µ(α−1β2(x), β(z), αβ(y))
= asA(α
−1β2(x), β(y), α(z)) + asA(α
−1β2(z), β(x), α(y))
+asA(α
−1β2(y), β(z), α(x)) + asA(α
−1β2(z), β(y), α(x))
+asA(α
−1β2(y), β(x), α(z)) + asA(α
−1β2(x), β(z), α(y))
= 0 (by BiHom− associativity condition).
Then (A, [·, ·], α, β) is a regular BiHom-Lie algebra.
3. Finally, For any x, y, z ∈ A we have
{αβ(x), µ(y, z)} − µ({β(x), y}, β(z)) − µ(β(y), {α(x), z})
= µ(αβ(x), µ(y, z)) − µ(µ(α−1β(y), α−1β(z)), α2(x))
−µ(µ(β(x), y) − µ(α−1β(y), α(x)), β(z)) − µ(β(y), µ(α(x), z)
−µ(α−1β(z), α2β−1(x)))
= asA(α
−1β(y), α(x), z) − asA(α
−1β(y), α−1β(z), α2β−1(x)) − asA(β(x), y, z)
= 0 (by BiHom− associativity condition).
Then the BiHom-Leibniz identity is satisfies for all x, y, z ∈ A.
This completes the proof.
Theorem 3.3. [28] Let (Ai, {·, ·}i, µi, αi) be BiHom-Poisson algebras for i = 1, 2, and let
A = A1 ⊗A2. Define the operations α, β : A→ A and µ, {·, ·} : A
⊗2 → A by:
α = α1 ⊗ α2, β = β1 ⊗ β2,
µ(x1 ⊗ x2, y1 ⊗ y2) = µ1(x1, y1)⊗ µ2(x2, y2),
{x1 ⊗ x2, y1 ⊗ y2} = {x1, y1}1 ⊗ µ2(x2, y2) + µ1(x1, y1)⊗ {x2, y2}2
for xi, yi ∈ Ai. Then (A, {·, ·}, µ, α) is a BiHom-Poisson algebra.
Proposition 3.4. [28] Given two BiHom-Poisson algebras (A, {·, ·}A, µA, αA, βA)
and (B, {·, ·}B , µB , αB , βB). Then there is a BiHom-Poissson algebra (A ⊕ B, {·, ·}, µ, α =
αA + αB , β = βA + βB), where the bilinear map µ : (A⊕B)
×2 −→ (A⊕B) is given by
µ(a1 + b1, a2 + b2) = µA(a1, a2) + µB(b1, b2),
{a1 + b1, a2 + b2} = {a1, a2}A + {b1, b2}B ,∀ a1, a2 ∈ A, ∀ b1, b2 ∈ B.
and the linear maps β = βA + βB , α = αA + αB : (A⊕B) −→ (A⊕B) are given by
(αA + αB)(a+ b) = αA(a) + αB(b),
(βA + βB)(a+ b) = βA(a) + βB(b), ∀ (a, b) ∈ A×B.
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Proof. It is easy to see that (A⊕B,µ, αA+αB, βA+βB) is a BiHom-associative and BiHom-
commutative algebra and (A ⊕ B, {·, ·}, αA + αB , βA + βB) is a BiHom-Lie algebra. Then
(A⊕B, {·, ·}, µ, αA + αB , βA + βB) is a BiHom-Poisson algebra.
Proposition 3.5. Let (A, {·, ·}A, µA, α1, β1) and (B, {·, ·}B , µB , α2, β2) be two BiHom-Poisson
algebras and ϕ : A→ B be a linear map. Then ϕ is a morphism from (A, {·, ·}A, µA, α1, β1) to
(B, {·, ·}B , µB , α2, β2) if and only if its graph Γϕ is a BiHom-subalgebra of (A⊕B, {·, ·}, µ, α, β).
Proof. Let ϕ : (A,µA, α1, β1) −→ (B,µB, α2, β2) be a morphism of BiHom-Poisson algebras.
Then for all u, v ∈ A,
µ(u+ ϕ(u), v + ϕ(v)) = (µA(u, v) + µB(ϕ(u), ϕ(v))) = (µA(u, v) + ϕ(µA(u, v))),
{u+ ϕ(u), v + ϕ(v)} = {u, v}A + {ϕ(u), ϕ(v))}B = {u, v}A + ϕ({u, v}A)
Thus the graph Γϕ is closed under the operations µ and {·, ·}. Furthermore since ϕ◦α1 = α2◦ϕ,
we have (α1⊕α2)(u, ϕ(u)) = (α1(u), α2 ◦ϕ(u)) = (α1(u), ϕ◦α1(u)). In the same way, we have
(β1 ⊕ β2)(u, ϕ(u)) = (β1(u), β2 ◦ ϕ(u)) = (β1(u), ϕ ◦ β1(u)), which implies that Γϕ is closed
under α1 ⊕ α2 and β1 ⊕ β2 Thus Γϕ is a BiHom-subalgebra of (A⊕B, {·, ·}, µ, α, β).
Conversely, if the graph Γϕ ⊂ A⊕B is a BiHom-subalgebra of (A⊕B, {·, ·}, µ, α, β) then we
have
µ(u+ ϕ(u)), v + ϕ(v)) = (µA(u, v) + µB(ϕ(u), ϕ(v))) ∈ Γϕ,
{u+ ϕ(u)), v + ϕ(v)} = {u, v}A + {ϕ(u), ϕ(v)}B ∈ Γϕ
which implies that
µB(ϕ(u), ϕ(v)) = ϕ(µA(u, v)),
{ϕ(u), ϕ(v)}B = ϕ({u, v}A).
Furthermore, (α1 ⊕ α2)(Γϕ) ⊂ Γϕ, (β1 ⊕ β2)(Γϕ) ⊂ Γϕ implies
(α1 ⊕ α2)(u, ϕ(u)) = (α1(u), α2 ◦ ϕ(u)) ∈ Γϕ,
(β1 ⊕ β2)(u, ϕ(u)) = (β1(u), β2 ◦ ϕ(u)) ∈ Γϕ.
which is equivalent to the condition α2 ◦ ϕ(u) = ϕ ◦ α1(u), i.e. α2 ◦ ϕ = ϕ ◦ α1. Similarly,
β2 ◦ ϕ = ϕ ◦ β1. Therefore, ϕ is a morphism of BiHom-Poisson algebras.
Theorem 3.6. Let (A, {·, ·}, µ, α, β) be a (non-BiHom-commutative) BiHom-Poisson algebra
and α′, β′ : A→ A be endomorphisms of A such that any two of the maps α, β, α′, β′ commute.
Then
Aα′,β′ = (A, {·, ·}α′ ,β′ = {·, ·} ◦ (α
′ ⊗ β′), µα′,β′ = µ ◦ (α
′ ⊗ β′), αα′, ββ′)
is also a (non-BiHom-commutative) BiHom-Poisson algebra. Moreover suppose that
(B, {·, ·}′, µ′, γ, δ) is another BiHom-Poisson algebra and γ′, δ′ be endomorphisms of B such
that any two of the maps γ, δ, γ′, δ′ commute. If f : (A, {·, ·}, µ, α, β) → (B, {·, ·}′, µ′, γ, δ) is
a morphism such that f ◦ α′ = γ′ ◦ f and f ◦ β′ = δ′ ◦ f , then f : Aα′,β′ → Bγ′,δ′ is also a
morphism.
Proof. Let give the proof in BiHom-ommutativity case. We only prove item 1. of Definition
2.7, item 2. and item 3. can be proved similarly.
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For all x, y, z ∈ A we have
asAα′,β′ (x, y, z)
= µα′,β′(µα′,β′(x, y), ββ
′(z)) − µα′,β′(αα
′(x), µα′,β′(y, z))
= µα′,β′(µ(α
′(x), β′(y)), ββ′(z)) − µα′,β′(αα
′(x), µ(α′(y), β′(z)))
= µ(µ(α′2(x), α′β′(y)), ββ′2(z))− µ(αα′2(x), µ(α′β′(y), β′2(z)))
= asA(α
′2(x), α′β′(y), β′2(z)) = 0 (BiHom− associativity condition of A).
Then (A,µα′,β′ , αα
′, ββ′) is a BiHom-associative algebra.
Now, for all x, y ∈ A we have:
µα′,β′(ββ
′(x), αα′(y)) = µ(α′β′β(x), αα′β′(y))
= µ(β(α′β′(x)), α(α′β′(y)))
= µ(β(α′β′(y)), α(α′β′(x))) (BiHom− commutativity in A).
= µα′,β′(ββ
′(y), αα′(x)).
Then (A,µα′,β′ , αα
′, ββ′) is a BiHom-commutative algebra.
The second part is proved as follows: ∀x, y ∈ A
f{x, y}α′,β′ = f{α
′(x), β′(y)}
= {fα′(x), fβ′(y)}′
= {γ′f(x), δ′f(y)}′
= {f(x), f(y)}′γ′,δ′ .
In the same way we have fµα′,β′(x, y) = µ
′
γ′,δ′(f(x), f(y)).
This finishes the proof.
Taking α′ = αk, β′ = βl, yields the following statement.
Corollary 3.7. Let (A, {·, ·}, µ, α, β) be a (non-BiHom-commutative) BiHom-Poisson alge-
bra. Then
Aαk ,βl = (A, {·, ·}αk ,βl = {·, ·} ◦ (α
k ⊗ βl), µαk ,βl = µ ◦ (α
k ⊗ βl), αk+1, βl+1)
is also a (non-BiHom-commutative) BiHom-Poisson algebra.
Taking α = β = id, yields the following statement.
Corollary 3.8. Let (A, {·, ·}, µ) be a (non-commutative) Poisson algebra and α, β : A → A
be two endomorphisms such that αβ = βα. Then
Aα,β = (A, {·, ·}α,β = {·, ·} ◦ (α⊗ β), µα,β = µ ◦ (α⊗ β), α, β)
is also a (non-BiHom-commutative) BiHom-Poisson algebra.
Definition 3.9. Let (A, {·, ·}, µ) be a non-commutative Poisson algebra.
1. Given a morphisms α, β : A→ A, the triple A′α,β = (A, {·, ·}α,β = {·, ·} ◦ (α⊗β), µα,β =
µ ◦ (α ⊗ β)) is called the (α, β)-twisting of A. A twisting of A is a (α, β)-twisting of A
for some morphisms α, β : A→ A.
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2. The (α, β)-twisting A′α,β of A is called trivial if
{·, ·}α,β = 0 = µα,β.
A′α,β is called non-trivial if either {·, ·} 6= 0 or µα,β 6= 0.
3. A is called rigid if every twisting of A is either trivial or isomorphic to A.
Proposition 3.10. Let (A, {·, ·}, µ) be a non-commutative Poisson algebra. Suppose there
exists morphisms α, β : A→ A such that either:
1. µα,β = µ ◦ (α⊗ β) is not associative or
2. {·, ·}α,β = {·, ·} ◦ (α⊗ β) does not satisfy the Jacobi identity.
Then A is not rigid.
Proof. The (α, β)-twisting A′α,β is non-trivial, since otherwise µα,β would be associative and
{·, ·}α,β would satisfy the Jacobi identity. For the same reason, the (α, β)-twisting A
′
α,β cannot
be isomorphic to A.
Remark 3.11. Let (g, [·, ·]) be a finite-dimensional Lie algebra, and let (S(g), µ) be its sym-
metric algebra. If {ei}
n
i=1 is a basis of g, then S(g) is the polynomial algebra K[e1, . . . , en].
Suppose the structure constants for g are given by
[ei, ej ] =
n∑
k=1
ckijek.
Then the symmetric algebra S(g) becomes a Poisson algebra with the Poisson bracket
{F,G} =
1
2
n∑
i,j,k=1
ckijek
(
∂F
∂ei
∂G
∂ej
−
∂F
∂ej
∂G
∂ei
)
(3.7)
for F,G ∈ S(g). This Poisson algebra structure on S(g) is called the linear Poisson structure.
Note that {ei, ej} = [ei, ej ].
Example 3.12 (S(sl(2)) is not rigid). In this example, we show that the symmetric algebra
(S(sl(2)), µ) on the Lie algebra sl(2), equipped with the linear Poisson structure (3.7), is not
rigid in the sense of Definition 3.9.
The Lie algebra sl(2) has a basis {e, f, h}, with respect to which the Lie bracket is given
by
[h, e] = 2e, [h, f ] = −2f, [e, f ] = h.
To show that S(sl(2)) = K〈e, f, h〉 is not rigid, consider the Lie algebra morphisms α, β : sl(2)→
sl(2) given by
α(e) = λe, α(f) = λ−1f, α(h) = h,
β(e) = γe, β(f) = γ−1f, β(h) = h.
where λ, γ ∈ K is a fixed scalar with λ, γ 6= 0, 1. Denote by α : S(sl(2))→ S(sl(2)) the extended
map, which is a Poisson algebra morphism. By Proposition 3.10, the Poisson algebra S(sl(2))
is not rigid if µα,β = µ ◦ (α⊗ β) is not associative. We have
µα,β(µα,β(e, h), h) − µα,β(e, µα,β(h, h)) = α
2(e)αβ(h)β(h) − α(e)αβ(h)β2(h)
= (λ2 − λ)eh2,
which is not 0 in the symmetric algebra S(sl(2)) because λ 6= 0, 1. Therefore, µα,β is not
associative, and the linear Poisson structure on S(sl(2)) is not rigid.
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4 Derivations of BiHom-Poisson algebras
In this section, we give the definition of derivations of BiHom-Poisson algebras, then we study
its generalized derivations.
Definition 4.1. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. A linear map D : A→ A
is called the (αk, βl)-derivation of A if it satisfies
1. D ◦ α = α ◦D, D ◦ β = β ◦D
2. D({x, y}) = {αkβl(x),D(y)} + {D(x), αkβl(y)};
3. D(µ(x, y)) = µ(αkβl(x),D(y)) + µ(D(x), αkβl(y)),
for all x, y ∈ A.
We denote by Der(A) :=
⊕
k≥0
⊕
l≥0Der(αk ,βl)(A), where Der(αk ,βl)(A) is the set of all
(αk, βl)-derivations of A. Obviously, Der(A) is a subalgebra of End(A).
Theorem 4.2. The set Der(A) is a Lie algebra, where the bracket product is defined as
follows:
[D,D′] = DD′ −D′D.
Proof. It is sufficient to prove [Der(αk ,βl)(A),Der(αk′ ,βl′)(A)] ⊆ Der(αk+k′ ,βl+l′)(A). It is easy
to check that [D,D′] ◦ α = α ◦ [D,D′] and [D,D′] ◦ β = β ◦ [D,D′].
Note that
[D,D′]({x, y})
= D({αk
′
βl
′
(x),D′(y))} + {D′(x), αk
′
βl
′
(y)}) −D′({αkβl(x),D(y))} − {D(x), αkβl(y)})
= {Dαk
′
βl
′
(x), αkβlD′(y)}+ {αk+k
′
βl+l
′
(x),DD′(y)}+ {DD′(x), αk+k
′
βl+l
′
(y)}
+{αkβlD′(x),Dαk
′
βl
′
(y)} − {D′αkβl(x), αk
′
βl
′
D(y)} − {αk+k
′
(x),D′D(y)}
−{D′D(x), αk+k
′
βl+l
′
(y)} − {αk
′
βl
′
D(x),D′αkβl(y)}
= {[D,D′](x), αk+k
′
βl+l
′
(y)}+ {αk+k
′
βl+l
′
(x), [D,D′](y)}.
Similarly, we can check that
[D,D′](µ(x, y))
= µ([D,D′](x), αk+k
′
βl+l
′
(y)) + µ(αk+k
′
βl+l
′
(x), [D,D′](y)).
It follows that [D,D′] ∈ Der(αk+k′ ,βl+l′)(A).
Definition 4.3. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. D ∈ End(A) is said to
be a generalized (αk, βl)-derivation of A, if there exists two endomorphisms D′,D′′ ∈ End(A)
such that
1. D ◦ α = α ◦D, D ◦ β = β ◦D ;
2. D
′
◦ α = α ◦D
′
, D′ ◦ β = β ◦D
′
;
3. D
′′
◦ α = α ◦D
′′
, D
′′
◦ β = β ◦D
′′
;
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4. {D(x), αkβl(y)}+ {αkβl(x),D′(y)} = D′′({x, y});
5. µ(D(x), αkβl(y)) + µ(αkβl(x),D
′
(y)) = D′′(µ(x, y)).
for all x, y ∈ A.
The set of generalized (αk, βl)-derivations of A is GDer(αk ,βl)(A) and we denote
GDer(A) :=
⊕
k≥0
⊕
l≥0
GDer(αk ,βl)(A).
Definition 4.4. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. D ∈ End(A) is said to be
an (αk, βl)-quasiderivation of A, if there exists endomorphisms D′,D′′ ∈ End(A) such that
1. D ◦ α = α ◦D, D ◦ β = β ◦D ;
2. D
′
◦ α = α ◦D
′
, D
′
◦ β = β ◦D
′
;
3. D
′′
◦ α = α ◦D
′′
, D
′′
◦ β = β ◦D
′′
;
4. {D(x), αkβl(y)}+ {αkβl(x),D(y)} = D′({x, y}),
5. µ(D(x), αkβl(y)) + µ(αkβl(x),D(y)) = D
′′
(µ(x, y)),
for all x, y ∈ A.
We then define
QDer(A) :=
⊕
k≥0
⊕
l≥0
QDer(αk ,βl)(A).
Definition 4.5. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. A linear map D : A→ A
is called the (αk, βl)-centroid of A if it satisfies
1. D ◦ α = α ◦D, D ◦ β = β ◦D;
2. {D(x), αkβl(y)} = {αkβl(x),D(y)} = D({x, y});
3. µ(D(x), αkβl(y)) = µ(αkβl(x),D(y)) = D(µ(x, y)), ∀x, y ∈ A.
We set
C(A) :=
⊕
k≥0
⊕
l≥0
C(αk ,βl)(A)
Definition 4.6. The (αk, βl)-quasicentroid of a Bihom-Poisson algebra (A, {·, ·}, µ, α, β) de-
noted by QC(αk ,βl)(A) is the set of linear maps D such that
1. D ◦ α = α ◦D, D ◦ β = β ◦D;
2. {D(x), αkβl(y)} = {αkβl(x),D(y)};
3. µ(D(x), αkβl(y)) = µ(αkβl(x),D(y)), ∀x, y ∈ A.
We set
QC(A) :=
⊕
k≥0
⊕
l≥0
QC(αk ,βl)(A).
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Remark 4.7. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. Then C(A) ⊆ QC(A).
Definition 4.8. A linear map D is called an (αk, βl)-central derivation of A if it satisfies
1. D ◦ α = α ◦D, D ◦ β = β ◦D;
2. {D(x), αkβl(y)} = D({x, y}) = 0;
3. µ(D(x), αkβl(y)) = D(µ(x, y)) = 0, ∀x, y ∈ A.
The set of (αk, βl)-central derivations is denoted by ZDer(αk ,βl)(A) and we set
ZDer(A) :=
⊕
k≥0
⊕
l≥0
ZDer(αk ,βl)(A).
Remark 4.9. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra. Then
ZDer(A) ⊆ Der(A) ⊆ QDer(A) ⊆ GDer(A) ⊆ End(A).
Proposition 4.10. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, then the following
statements hold:
(1) GDer(A), QDer(A) and C(A) are subalgebras of End(A).
(2) ZDer(A) is an ideal of Der(A).
Lemma 4.11. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, then the following state-
ments hold:
(1) [Der(A), C(A)] ⊆ C(A).
(2) [QDer(A), QC(A)] ⊆ QC(A).
(3) [QC(A), QC(A)] ⊆ QDer(A).
(4) C(A) ⊆ QDer(A).
(5) QDer(A) +QC(A) ⊆ GDer(A)
Proof. (1)-(4) are easy to prove and omit them, we only check (5). In fact. Let D1 ∈
QDer(αk ,βl)(A),D2 ∈ QC(αk ,βl)(A). Then there exist D
′
1,D
′′
1 ∈ End(A), for any x, y ∈ A,
we have
{D1(x), α
kβl(y)}+ {αkβl(x),D1(y)} = D
′
1({x, y}),
µ(D1(x), α
kβl(y)) + µ(αkβl(x),D1(y)) = D
′′
1(µ(x, y)).
Thus, for any x, y ∈ A, we have
{(D1 +D2)(x), α
kβl(y)} = {D1(x), α
kβl(y)}+ {D2(x), α
kβl(y)}
= D′1({x, y}) − {α
kβl(x),D1(y)}+ {α
kβl(x),D2(y)}
= D′1({x, y}) − {α
kβl(x), (D1 −D2)(y)},
and
µ((D1 +D2)(x), α
kβl(y)) = µ(D1(x), α
kβl(y)) + µ(D2(x), α
kβl(y)}
= D′′1(µ(x, y)) − µ(α
kβl(x),D1(y)) + µ(α
kβl(x),D2(y))
= D′′1(µ(x, y)) − µ(α
kβl(x), (D1 −D2)(y)),
Therefore, D1 +D2 ∈ GDer(αk ,βl)(A).
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Proposition 4.12. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, then
QC(A) + [QC(A), QC(A)] is a subalgebra of GDer(A).
Proof. By Lemma 4.12, (3) and (5), we have
QC(A) + [QC(A), QC(A)] ⊆ GDer(A),
and
[QC(A) + [QC(A), QC(A)], QC(A) + [QC(A), QC(A)]]
⊆ [QC(A) +GDer(A), QC(A) + [QC(A), QC(A)]]
⊆ [QC(A), QC(A)] + [QC(A), [QC(A), QC(A)]] + [QDer(A), QC(A)]
[QDer(A), [QC(A), QC(A)]].
It is easy to verify that [QDerA) + [QC(A), QC(A)], QC(A) + [QC(A), QC(A)]] ⊆ QC(A) +
[QC(A), QC(A)] ⊆ GDer(A).
Theorem 4.13. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra, α and β surjections, then
[C(A), QC(A)] ⊆ End(A,Z(A)). Moreover, if Z(A) = {0}, then [C(A), QC(A)] = {0}.
Proof. For any D1 ∈ C(αk ,βl)(A),D2 ∈ QC(αk′ ,βl′)(A) and x, y ∈ A, since α and β are surjec-
tions, there exist y′ ∈ A such that y = αk+k
′
βl+l
′
(y′), we have
{[D1,D2](x), y} = {{D1,D2}(x), α
k+k′βl+l
′
(y′)}
= {D1D2(x), α
k+k′βl+l
′
(y′)} − {D2D1(x), α
k+k′βl+l
′
(y′)}
= D1({D2(x), α
k′βl
′
(y′)})− {αk
′
βl
′
D1(x),D2α
kβl(y′)}
= D1({D2(x), α
k′βl
′
(y′)})−D1({D2(x), α
k′βl
′
(y′)})
= 0,
and
µ([D1,D2](x), y) = µ([D1,D2](x), α
k+k′βl+l
′
(y′))
= µ(D1D2(x), α
k+k′βl+l
′
(y′))− µ(D2D1(x), α
k+k′βl+l
′
(y′))
= D1(µ(D2(x), α
k′βl
′
(y′)))− µ(αk
′
βl
′
D1(x),D2α
kβl(y′))
= D1(µ(D2(x), α
k′βl
′
(y′)))−D1(µ(D2(x), α
k′βl
′
(y′)))
= 0,
So [D1,D2](x) ⊆ Z(A) and therefore [C(A), QC(A)] ⊆ End(A,Z(A)). Moreover, if Z(A) =
{0}, then it is easy to see that [C(A), QC(A)] = {0}.
5 Admissible BiHom-Poisson algebras
It is shown [15],[31] that Poisson algebras can be explored in the realm of non-associative
algebras indeed, they are described using only one operation of its two binary operations via
the polarization-depolarization process. The similar is done for Hom-Poisson algebras [34]
and color Hom-Poisson algebras [3]. The purpose of this section is to extend this alternative
description of Poisson algebras to BiHom-Poisson algebras. Let us first introduce the following
notion which very useful
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Definition 5.1. A BiHom-algebra (A,µ, α, β) is said BiHom-flexible if
asA(β
2(x), αβ(y), α2(z)) + asA(β
2(z), αβ(y), α2(x)) = 0 (5. 1)
for all x, y, z ∈ A.
If α = β = Id, we get the notion of flexible algebras. It is easy to prove the following
Proposition 5.2. Let (A,µ) a flexible algebra, α and β be morphisms of (A,µ). Then the
Bihom-algebra (A,µα,β = µ(α⊗ β), α, β) is BiHom-flexible.
Now, consider the following notation to avoid confusions
Definition 5.3. Let (A, {·, ·}, µ, α, β) be a 5 tuple in which (A,α, β) is a BiHom-module
and {, }, µ : A×2 → A are bilinear operations. Define its BiHom-associator asA and BiHom-
Jacobian JA as
asA(x, y, z) = µ(µ(x, y), β(z)) − µ(α(x), µ(y, z)),
JA(x, y, z) = 	x,y,z {β
2(x), {β(y), α(z)}}.
∀x, y, z ∈ A.
Note that if α = β = id, then the BiHom-associator and BiHom-Jacobian coincide with
the usual associator and Jacobian.
Let’s first define the notion of an admissible BiHom-Poisson algebras.
Definition 5.4. Let (A,µ, α, β) be a BiHom-algebra. Then A is called an admissible BiHom-
Poisson algebra if it satisfies
asA(β
2(x), αβ(y), α2(z)) = 13
{
µ(µ(β2(x), αβ(z)), βα2(y)))− µ(µ(β2(z), αβ(x))βα2(y))
+µ(µ(β2y, αβ(z))βα2(x)) − µ(µ(β2(y), αβ(x))βα2(z))
}
(5. 2)
An admissible BiHom-Poisson algebra with α = β = Id is exactly an admissible Poisson
algebra as defined in [13].
To compare regular BiHom-Poisson algebras and regular admissible BiHom-Poisson alge-
bras, we need the following function:
Definition 5.5. Let (A,µ, α, β) be a regular BiHom-algebra. Define the 5-tuple
P (A) = (A, {·, ·}, ⋄, α, β) , (5. 3)
where {·, ·} = 12
(
µ − µ ◦ (α−1β ⊗ αβ−1) ◦ τ
)
and ⋄ = 12
(
µ + µ ◦ (α−1β ⊗ αβ−1) ◦ τ
)
, called
the polarization of A. We call P the polarization function.
Theorem 5.6. Let (A,µ, α, β) be a regular BiHom-algebra. Then the polarization P (A) is
a regular BiHom-Poisson algebra if and only if (A,µ, α, β) is a regular admissible BiHom-
Poisson algebra.
The proof will be given below. Assuming Theorem 5.6 for the moment, first we observe
that the polarization function is actually a bijection from regular admissible BiHom-Poisson
algebras to regular BiHom-Poisson algebras. To prove this statement, we introduce the fol-
lowing function.
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Definition 5.7. Let (A, {·, ·}, ⋄, α, β) be a 5-tuple in which (A,α, β) is a BiHom-module and
{·, ·}, ⋄ : A⊗2 → A are binary operations. Define the BiHom-algebra
P−(A) = (A,µ = {·, ·} + ⋄, α, β) , (5. 4)
called the depolarization of A. We call P− the depolarization function.
The following result says that there is a bijective correspondence between regular ad-
missible BiHom-Poisson algebras and regular BiHom-Poisson algebras via polarization and
depolarization.
Corollary 5.8. The polarization and the depolarization functions
P : {regular admissible BiHom-Poisson algebras}⇄ {regular BiHom-Poisson algebras} : P−
are the inverses of each other.
Proof. If (A,µ, α, β) is a regular admissible BiHom-Poisson algebra, then P (A) is a regular
BiHom-Poisson algebra by Theorem 5.6. We have P−(P (A)) = A because
µ =
1
2
(
µ− µ ◦ (α−1β ⊗ αβ−1) ◦ τ
)
+
1
2
(
µ+ µ ◦ (α−1β ⊗ αβ−1) ◦ τ
)
,
where for all x, y ∈ A, τ(x, y) = (y, x).
Conversely, suppose (A, {·, ·}, ⋄, α, β) is a regular BiHom-Poisson algebra. To see that
P−(A) is a regular admissible BiHom-Poisson algebra, note that the BiHom-skew-symmetry
of {·, ·} and the BiHom-commutativity of ⋄ imply that
{·, ·} =
1
2
(
({·, ·} + ⋄)− ({·, ·} + ⋄) ◦ (α−1β ⊗ αβ−1) ◦ τ
)
,
⋄ =
1
2
(
({·, ·} + ⋄) + ({·, ·} + ⋄) ◦ (α−1β ⊗ αβ−1) ◦ τ
)
.
So the regular BiHom-algebra P−(A) has the property that P (P−(A)) = A, which is a regular
BiHom-Poisson algebra. It follows from Theorem 5.6 that P−(A) is a regular admissible
BiHom-Poisson algebra. Since P−P and PP− are both identity functions, P and P− are the
inverses of each other.
To prove the Theorem 5.6, we need the following Lemmas.
Lemma 5.9. Every admissible BiHom-Poisson algebra (A,µ, α, β) is BiHom-flexible, i.e.,
asA(β
2(x), αβ(y), α2(z)) + asA(β
2(z), αβ(y), α2(x)) = 0 (5. 5)
for all x, y, z ∈ A.
Proof. The required identity (5. 5) follows immediately from the defining identity (5. 2), in
which the right-hand side is anti-symmetric in x and z.
asA(β
2(x), αβ(y), α2(z)) + asA(β
2(z), αβ(y), α2(x))
= 13
{
µ(µ(β2(x), αβ(z)), βα2(y)))− µ(µ(β2(z), αβ(x)), βα2(y)))
+µ(µ(β2(y), αβ(z)), βα2(x)))− µ(µ(β2(y), αβ(x)), βα2(z)))
+µ(µ(β2(z), αβ(x)), βα2(y)))− µ(µ(β2(x), αβ(z)), βα2(y)))
+µ(µ(β2(y), αβ(x)), βα2(z))) − µ(µ(β2(y), αβ(z)), βα2(x)))
}
= 0.
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Next we observe that in an admissible BiHom-Poisson algebra the cyclic sum of the BiHom-
associator is trivial.
Lemma 5.10. Let (A,µ, α, β) be an admissible BiHom-Poisson algebra. Then
SA(x, y, z) := asA(β
2(x), αβ(y), α2(z))+asA(β
2(y), αβ(z), α2(x))+asA(β
2(z), αβ(x), α2(y)) = 0
(5. 6)
for all x, y, z ∈ A.
Proof. Using the defining identity (5. 2), we have:
asA(β
2(x), αβ(y), α2(z)) = 13
(
µ(µ(β2(x), αβ(z)), βα2(y)))− µ(µ(β2(z), αβ(x)), βα2(y)))
+µ(µ(β2(y), αβ(z)), βα2(x))) − µ(µ(β2(y), αβ(x)), βα2(z)))
)
= −13
(
µ(µ(β2(z), αβ(y)), βα2(x)))− µ(µ(β2(y), αβ(z)), βα2(x)))
+µ(µ(β2(x), αβ(y)), βα2(z))) − µ(µ(β2(x), αβ(z)), βα2(y)))
)
+13
(
µ(µ(β2(x), αβ(y)), βα2(z))) − µ(µ(β2(y), αβ(x)), βα2(z)))
+µ(µ(β2(z), αβ(y)), βα2(x))) − µ(µ(β2(z), αβ(x)), βα2(y)))
)
= −asA(β
2(z), αβ(x), α2(y)) + asA(β
2(x), αβ(z), α2(y))
= −asA(β
2(z), αβ(x), α2(y)) − asA(β
2(y), αβ(z), α2(x)) (by (5.5)).
Therefore, we conclude that SA = 0.
Next we show that the polarization of a regular admissible BiHom-Poisson algebra is
BiHom-commutative BiHom-associative.
Lemma 5.11. Let (A,µ, α, β) be a regular admissible BiHom-Poisson algebra. Then(
A, ⋄ =
1
2
(µ+ µ ◦ (α−1β ⊗ αβ−1) ◦ τ), α, β
)
is a regular BiHom-commutative BiHom-associative algebra.
Proof. It is obvious that ⋄ = 12
(
µ+ µ ◦ (α−1β ⊗ αβ−1) ◦ τ
)
is BiHom-commutative. To show
that the BiHom-associator
asP (A) = ⋄(⋄ ⊗ β − α⊗ ⋄)
is trivial, pick x, y, z ∈ A. Expanding asP (A) in terms of µ, we have:
4asP (A)(β
2(x), αβ(y), α2(z)) = µ(µ(β2(x), αβ(y)), βα2(z))) + µ(µ(β2(y), αβ(x)), βα2(z)))
+ µ(βα2(z)), µ(αβ(x), α2(y))) + µ(βα2(z)), µ(αβ(y), α2(x)))
− µ(βα2(x)), µ(αβ(y), α2(z))) − µ(βα2(x)), µ(αβ(z), α2(y)))
− µ(µ(β2(y), αβ(z)), βα2(x))) − µ(µ(β2(z), αβ(y)), βα2(x)))
= asA(β
2(x), αβ(y), α2(z)) − asA(β
2(z), αβ(y), α2(x))
+ µ(µ(β2(y), αβ(x)), βα2(z))) − µ(µ(β2(y), αβ(z)), βα2(x)))
− asA(β
2(z), αβ(x), α2(y)) + µ(µ(β2(z), αβ(x)), βα2(y)))
+ asA(β
2(x), αβ(z), α2(y))− µ(µ(β2(x), αβ(z)), βα2(y)))
(5. 7)
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Using (5. 2) and BiHom-flexibility (Lemma 5.9), we can combine six of the eight terms above
as follows:
asA(β
2(x), αβ(y), α2(z)) − asA(β
2(z), αβ(y), α2(x)) + µ(µ(β2(y), αβ(x)), βα2(z)))
− µ(µ(β2(y), αβ(z)), βα2(x))) + µ(µ(β2(z), αβ(x)), βα2(y)))− µ(µ(β2(x), αβ(z)), βα2(y)))
= asA(β
2(x), αβ(y), α2(z)) + asA(β
2(x), αβ(y), α2(z)) − 3asA(β
2(x), αβ(y), α2(z))
= −asA(β
2(x), αβ(y), α2(z))
(5. 8)
By Lemmas 5.9 and 5.10, the other two terms in the last line in (5. 7) become:
− asA(β
2(z), αβ(x), α2(y)) + asA(β
2(x), αβ(z), α2(y))
= −asA(β
2(z), αβ(x), α2(y))− asA(β
2(y), αβ(z), α2(x))
= asA(β
2(x), αβ(y), α2(z)).
(5. 9)
Using (5. 8) and (5. 9) in (5. 7), we conclude that for all x, y, z ∈ A, we have
asP (A)(β
2(x), αβ(y), α2(z)) = 0. Using also that α and β are bijective we have, for all x, y, z ∈
A, there exists x′, y′, z′ ∈ A such that asP (A)(x, y, z) = asP (A)(β
2(x′), αβ(y′), α2(z′)) = 0.
Then asP (A) = 0.
Now we observe that the polarization of a regular admissible BiHom-Poisson algebra is a
regular BiHom-Lie algebra.
Lemma 5.12. Let (A,µ, α, β) be a regular BiHom-algebra. Then
4JP (A)(α(x), α(y), α(z)) = asA(β
2(y), αβ(x), α2(z)) + asA(β
2(z), αβ(y), α2(x))
+asA(β
2(x), αβ(z), α2(y))− asA(β
2(x), αβ(y), α2(z))
−asA(β
2(z), αβ(x), α2(y))− asA(β
2(y), αβ(z), α2(x)).
(5. 10)
for all x, y, z ∈ A, where JP (A) is the BiHom-Jacobian of the polarization P (A). Moreover, if
(A,µ, α, β) is a regular admissible BiHom-Poisson algebra, then(
A, {·, ·} =
1
2
(µ− µ ◦ (α−1β ⊗ αβ−1) ◦ τ), α, β
)
is a regular BiHom-Lie algebra.
Proof. Since {·, ·} = 12(µ − µ ◦ (α
−1β ⊗ αβ−1) ◦ τ), one can expand 4JP (A) in terms of µ,
4JP (A)(α(x), α(y), α(z))
= µ(αβ2(x)), µ(αβ(y), α2(z))) − µ(µ(β2(y), αβ(z)), βα2(x))) − µ(αβ2(x)), µ(αβ(z), α2(y)))
+ µ(µ(β2(z), αβ(y)), βα2(x))) + µ(αβ2(z)), µ(αβ(x), α2(y))) − µ(µ(β2(x), αβ(y)), βα2(z)))
− µ(αβ2(z)), µ(αβ(y), α2(x))) + µ(µ(β2(y), αβ(x)), βα2(z))) + µ(αβ2(y)), µ(αβ(z), α2(x)))
− µ(µ(β2(z), αβ(x)), βα2(y)))− µ(αβ2(y)), µ(αβ(x), α2(z))) + µ(µ(β2(x), αβ(z)), βα2(y)))
= asA(β
2(y), αβ(x), α2(z)) + asA(β
2(z), αβ(y), α2(x)) + asA(β
2(x), αβ(z), α2(y))
− asA(β
2(x), αβ(y), α2(z))− asA(β
2(z), αβ(x), α2(y))− asA(β
2(y), αβ(z), α2(x)).
For the second assertion, first note that {·, ·} is clearly BiHom-skew-symmetric. Next observe
that α is bijective then exists x′, y′ and z′ in A such that x = α(x′), y = α(y′), z = α(z′) and
4JP (A)(x, y, z) = 4JP (A)(α(x
′), α(y′), α(z′))
= SA(y
′, x′, z′)− SA(x
′, y′, z′)
= 0− 0 = 0 (by Lemma 5.10),
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we conclude that JP (A) = 0. In other words, (A, {·, ·}, α, β) satisfies the BiHom-Jacobi identity.
This completes the proof.
The following result says that the polarization of a regular admissible BiHom-Poisson
algebra satisfies the BiHom-Leibniz identity.
Lemma 5.13. Let (A,µ, α, β) be a regular BiHom-algebra. Then the polarization P (A) sat-
isfies
4
(
{αβ2(x), αβ(y) ⋄ α2(z)} − {β2(x), αβ(y)} ⋄ α2β(z) − αβ2(y) ⋄ {αβ(x), α2(z)}
)
= −asA(β
2(x), αβ(y), α2(z)) − asA(β
2(z), αβ(y), α2(x))− asA(β
2(x), αβ(z), α2(y))
−asA(β
2(y), αβ(z), α2(x)) + asA(β
2(y), αβ(x), α2(z)) + asA(β
2(z), αβ(x), α2(y))
(5. 11)
for all x, y, z ∈ A. Moreover, if A is a regular admissible BiHom-Poisson algebra, then the
polarization P (A) satisfies the BiHom-Leibniz identity.
Proof. Since {·, ·} = 12(µ−µ ◦ (α
−1β⊗αβ−1) ◦ τ)) and ⋄ = 12(µ+µ ◦ (α
−1β⊗αβ−1) ◦ τ), the
left-hand side of (5. 11) can be expanded in terms of µ as
4
(
{αβ(x), αβ(y) ⋄ α2(z)} − {β(x), αβ(y)} ⋄ α2β(z)− αβ2(y) ⋄ {αβ(x), α2(z)}
)
= µ(αβ2(x)), µ(αβ(y), α2(z))) − µ(µ(β2(y), αβ(z)), βα2(x))) + µ(αβ2(x)), µ(αβ(z), α2(y)))
− µ(µ(β2(z), αβ(y)), βα2(x)))− µ(µ(β2(x), αβ(y)), βα2(z))) + µ(αβ2(z)), µ(αβ(x), α2(y)))
+ µ(µ(β2(y), αβ(x)), βα2(z))) − µ(αβ2(z)), µ(αβ(y), α2(x))) − µ(αβ2(y)), µ(αβ(x), α2(z)))
+ µ(µ(β2(x), αβ(z)), βα2(y))) + µ(αβ2(y)), µ(αβ(z), α2(x))) − µ(µ(β2(z), αβ(x)), βα2(y)))
= −asA(β
2(x), αβ(y), α2(z)) − asA(β
2(z), αβ(y), α2(x)) − asA(β
2(x), αβ(z), α2(y))
− asA(β
2(y), αβ(z), α2(x)) + asA(β
2(y), αβ(x), α2(z)) + asA(β
2(z), αβ(x), α2(y))
For the second assertion, suppose that A is a regular admissible BiHom-Poisson algebra.
Since α and β are bijective then for all x, y, z ∈ A, there exists x′, y′, z′ ∈ A such that
x = β(x′), y = αβ(y′) and z = α2(z′). Therefore
4 ({αβ(x), y ⋄ z} − {β(x), y} ⋄ β(z)− β(y) ⋄ {α(x), z})
= 4
(
{αβ2(x′), αβ(y′) ⋄ α2(z′)} − {β2(x′), αβ(y′)} ⋄ α2β(z′)− αβ2(y′) ⋄ {αβ(x′), α2(z′)}
)
= −asA(β
2(x′), αβ(y′), α2(z′))− asA(β
2(z′), αβ(y′), α2(x′))
−asA(β
2(x′), αβ(z′), α2(y′))− asA(β
2(y′), αβ(z′), α2(x′))
+asA(β
2(y′), αβ(x′), α2(z′)) + asA(β
2(z′), αβ(x′), α2(y′)) (By (5.11))
= −asA(β
2(x′), αβ(y′), α2(z′)) + asA(β
2(x′), αβ(y′), α2(z′))
−asA(β
2(x′), αβ(z′), α2(y′))− asA(β
2(x′), αβ(z′), α2(y′))
+asA(β
2(z′), αβ(x′), α2(y′)) + asA(β
2(y′), αβ(x′), α2(z′)) (By (Lemma 5.9))
= 0 (By (5.10)).
We conclude that
{αβ(x), y ⋄ z} = {β(x), y} ⋄ β(z) + β(y) ⋄ {α(x), z},
which is the BiHom-Leibniz identity in the polarization P (A).
Next we show that only admissible BiHom-Poisson algebras can give rise to BiHom-Poisson
algebras via polarization.
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Lemma 5.14. Let (A,µ, α, β) be a BiHom-algebra such that the polarization P (A) is a
BiHom-Poisson algebra. Then A is an admissible BiHom-Poisson algebra.
Proof. We need to prove the identity (5. 2). Pick x, y, z ∈ A. We will express the BiHom-
associator asA in several different forms and compare them.
On the one hand, the BiHom-Jacobi identity JP (A) = 0 and (5. 10) imply that
asA(β
2(x), αβ(y), α2(z)) = asA(β
2(y), αβ(x), α2(z))− asA(β
2(y), αβ(z), α2(x))
− asA(β
2(z), αβ(x), α2(y)) + asA(β
2(z), αβ(y), α2(x))
+ asA(β
2(x), αβ(z), α2(y)).
(5. 12)
Moreover, the BiHom-Leibniz identity in P (A) and (5. 11) imply that
asA(β
2(x), αβ(y), α2(z)) = asA(β
2(y), αβ(x), α2(z))− asA(β
2(y), αβ(z), α2(x))
+ asA(β
2(z), αβ(x), α2(y))− asA(β
2(z), αβ(y), α2(x))
− asA(β
2(x), αβ(z), α2(y)).
(5. 13)
Adding (5. 12) and (5. 13) and dividing the result by 2, we obtain
asA(β
2(x), αβ(y), α2(z)) = asA(β
2(y), αβ(x), α2(z)) − asA(β
2(y), αβ(z), α2(x)), (5. 14)
which we will use in a moment.
On the other hand, since µ = {·, ·}+⋄, we can expand the BiHom-associator asA in terms
of {·, ·} and ⋄ as follows:
asA(β
2(x), αβ(y), α2(z)) = µ(µ(β2(x), αβ(y)), α2β(z)) − µ(αβ2(x), µ(αβ(y), α2(z)))
= {{β2(x), αβ(y)}, α2β(z)} + {β2(x) ⋄ αβ(y), α2β(z)}
+ {β2(x), αβ(y)} ⋄ α2β(z) + (β2(x) ⋄ αβ(y)) ⋄ α2β(z)
− {αβ2(x), {αβ(y), α2(z)}} − {αβ2(x), αβ(y) ⋄ α2(z)}
− αβ2(x) ⋄ {αβ(y), α2(z)} − αβ2(x) ⋄ (αβ(y) ⋄ α2(z))
(5. 15)
Since the polarization P (A) is assumed to be a BiHom-Poisson algebra, we have:
0 = asP (A)(β
2(x), αβ(y), α2(z))
= (β2(x) ⋄ αβ(y)) ⋄ α2β(z)− αβ2(x) ⋄ (αβ(y) ⋄ α2(z)),
0 = {β2(x), αβ(z)} ⋄ αβ(y)− β2(y) ⋄ {αβ(x), α2(z)}
= {αβ2(x) ⋄ y, α(z)} − αβ2(z) ⋄ {αβ(x), α(y)}
− {αβ2(x), β(y) ⋄ α2(z)}+ {β2(x), β(y)} ⋄ α2β(z),
{β2(x), {αβ(z), α2β(y)}} = {{β2(x), αβ(y)}, βα2(z)} − {αβ2(x), {αβ(y), α2(z)}, }.
(5. 16)
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Using the identities (5. 16) in (5. 15), we obtain:
4asA(β
2(x), αβ(y), α2(z)) = 4{{β2(x), αβ(z)}, α2β(y)}
= µ(µ(β2(x), αβ(z)), βα2(y))− µ(µ(β2(z), αβ(x)), βα2(y))
− µ(αβ2(y), µ(αβ(x), α2(z))) + µ(αβ2(y), µ(αβ(z), α2(x)))
= µ(µ(β2(x), αβ(z)), βα2(y))− µ(µ(β2(z), αβ(x)), βα2(y))
+ asA(β
2(y), αβ(x), α2(z))− µ(µ(β2(y), αβ(x)), α2β(z))
− asA(β
2(y), αβ(z), α2(x)) + µ(µ(β2(y), αβ(z)), α2β(x))
= µ(µ(β2(x), αβ(z)), α2β(y))− µ(µ(β2(z), αβ(x)), α2β(y))
+ µ(µ(β2(y), αβ(z)), α2β(x))− µ(µ(β2(y), αβ(x)), α2β(z))
+ asA(β
2(x), αβ(y), α2(z)) (by (5. 14)).
Finally, subtracting asA(β
2(x), αβ(y), α2(z)) in the above calculation and dividing the result
by 3, we obtain the identity (5. 2).
Proof of Theorem 5.6. If A is a regular admissible BiHom-Poisson algebra, then Lemmas
5.11, 5.12, and 5.13 imply that the polarization P (A) is a regular BiHom-Poisson algebra.
The converse is Lemma 5.14.
6 BiHom-Poisson modules
First, let recall the following.
Definition 6.1. Let (A, {·, ·}A, µA) be a Poisson algebra. Then a left Poisson module structure
on a left A-module over A is linear maps µM , {·, ·}M : A⊗M −→M such that
µM (a, µM (b,m)) = µM (µA(a, b),m) (6. 17)
{{a, b}A,m}M = {a, {b,m}M}M − {b, {a,m}M}M (6. 18)
{a, µM (b,m)}M = µM ({a, b}A,m) + µM(b, {a,m}M ) (6. 19)
{µA(a, b),m}M = µM (a, {b,m}M ) + µM(b, {a,m}M ) (6. 20)
for any a, b ∈ A and m ∈M.
Remark 6.2. In [26], Poisson algebras are defined without the associativity assumption and
then, left Poisson modules are defined without the identity (6. 17). In a similar way, basing
on the definition above, one can defined a right Poisson module.
Definition 6.3. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra.
1. A left BiHom-Poisson A-module is a BiHom-module (V, φ, ψ) with structure maps λ :
A⊗ V −→ V and ρ : A⊗ V −→ V such that the following equalities hold:
λ(α(x), λ(y, v)) = λ(µ(x, y), ψ(v)) (6. 21)
ρ({β(x), y}, ψ(v)) = ρ(αβ(x), ρ(y, v)) − ρ(β(y), ρ(α(x), v)) (6. 22)
ρ(αβ(x), λ(y, v)) = λ({β(x), y}, ψ(v)) + λ(β(y), ρ(α(x), v)) (6. 23)
ρ(µ(β(x), y), ψ(v)) = λ(αβ(x), ρ(y, v)) + λ(β(y), ρ(α(x), v)) (6. 24)
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2. A right BiHom-Poisson A-module is a BiHom-module (V, φ, ψ) with structure maps
∧ : V ⊗A −→ V and δ : V ⊗A −→ V such that the following equalities hold:
∧(∧(v, x), β(y)) = ∧(φ(v), µ(x, y)) (6. 25)
δ(φ(v), {x, α(y)}) = δ(δ(v, x), αβ(y)) − δ(δ(v, β(x)), α(y)) (6. 26)
δ(∧(v, x), αβ(y)) = δ(φ(v), {x, α(y)}) + ∧(δ(v, β(x)), α(y)) (6. 27)
δ(φ(v), µ(x, α(y))) = ∧(δ(v, x), αβ(y)) + ∧(δ(v, β(x)), α(y)) (6. 28)
Remark 6.4. 1. A left BiHom-Poisson A-module is a BiHom-module (V, φ, ψ) with struc-
ture maps λ : A ⊗ V −→ V and ρ : A ⊗ V −→ V such that (V, φ, ψ, λ) is a left
Bihom-associative A-module, (V, φ, ψ, ρ) is a left BiHom-Lie A-module and (6. 23) and
(6. 24) hold. Similarly a right BiHom-Poisson A-module is a BiHom-module (V, φ, ψ)
with structure maps ∧ : V ⊗ A −→ V and δ : V ⊗ A −→ V such that (V, φ, ψ,∧)
is a right Bihom-associative A-module, (V, φ, ψ, δ) is a right BiHom-Lie A-module and
(6. 27) and (6. 28) hold.
2. If α = β = Id and φ = ψ = Id, we recover a left (respectively a right) Poisson
module. Thus if (A, {·, ·}, µ) is a Poisson algebra and V is a left Poisson A-module
in the usual sense, then (V, IdV , IdV ) is a left BiHom-Poisson A-module where A =
(A, {·, ·}, µ, IdA , IdA) is a BiHom-Poisson algebra.
The following results allow to give some examples of left BiHom-Poisson A-modules.
Proposition 6.5. Let (A, {·, ·}, µ, α, β) be a regular BiHom-Poisson algebra. Then (A,α, β)
is a left BiHom-Poisson A-module where the structure maps are λ(a, b) = µ(a, b) and ρ(a, b) =
{a, b}. More generally, if B is a left BiHom-ideal of (A, {·, ·}, µ, α, β), then (B,α, β) is a left
BiHom-Poisson A-module where the structure maps are λ(a, x) = µ(a, x), ρ(x, a) = {x, a}
for all x ∈ B and (a, b) ∈ A×2.
Proof. The fact that λ and ρ are structure maps follows from the multiplicativity of α
and β with respect to µ and {·, ·}. Next, observe that from the BiHom-commutativity of
µ and the Bihom-skew-symmetry of {·, ·} that µ(x, y) = µ(α−1β(y), αβ−1(x)) and {x, y} =
−{α−1β(y), αβ−1(x)} for all x, y ∈ A. Now, pick (x, y, v) ∈ A×3 then, we have by the BiHom-
associativity
λ(α(x), λ(y, v)) = µ(α(x), µ(y, v)) = µ(µ(x, y), β(v)) = λ(µ(x, y), β(v))
Next, compute (6. 22) using the BiHom-Jacobi identity in the third line, as follows
ρ({β(x), y}, β(v)) = {{β(x), y}, β(v)} = {α−1β(β(v)), αβ−1{α−1β(y), αβ−1(β(x))}}
= {β2(α−1(v)), {y, α2β−1(x)}} = {β2(α−1(v)), {β(β−1(y)), α(αβ−1(x))}}
= −{β2(β−1(y)), {β(αβ−1(x)), α(α−1(v))}} − {β2(αβ−1(x)), {β(α−1(v)), α(β−1(y))}}
= −{β(y), {α(x), v)}} − {αβ(x), {βα−1(v), αβ−1(y)}} = −{β(y), {α(x), v)}}
+{αβ(x), {y, v}} = −ρ(β(y), ρ(α(x), v)) + ρ(αβ(x), ρ(y, v))
Similarly, using (2.3), we compute
ρ(αβ(x), λ(y, v)) = {αβ(x), µ(y, v)} = µ({β(x), y}, β(v)) + µ(β(y), {α(x), v})
= λ({β(x), y}, β(v)) + λ(β(y), ρ(α(x), v)) which is (6. 23)
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Finally, we obtain (6. 24) as follows
ρ(µ(β(x), y), β(v)) = {µ(β(x), y), β(v)} = −{α−1β(β(v)), αβ−1µ(β(x), y)}
= −{αβ(α−2β(v)), µ(α(x), αβ−1(y))} = −µ({β(α−2β(v)), α(x)}, β(β−1α(y)))
−µ(β(α(x)), {α(α−2β(v)), αβ−1(y)}) ( by (2.3) )
= −µ({β2α−2(v), α(x)}, α(y)) − µ(βα(x), {α−1β(v), αβ−1(y)})
= −µ(α−1β(α(y)), αβ−1{β2α−2(v), α(x)}) + µ(αβ(x), {y, v})
= −µ(β(y), {βα−1(v), αβ−1(α(x))}) + µ(αβ(x), {y, v})
= µ(β(y), {α(x), v}) + µ(αβ(x), {y, v}) = λ(β(y), ρ(α(x), v)) + λ(αβ(x), ρ(y, v))
Hence Then (A,α, β) is a left BiHom-Poisson A-module. Similarly, we prove that more gen-
erally, any two-sided BiHom-ideal (B,α, β) of (A, {·, ·}, µ, α, β) is a left BiHom-Poisson A-
module.
Remark 6.6. The analogous of Proposition 6.5 can be proved for right BiHom-Poisson al-
gebras.
More generally, we prove
Proposition 6.7. If f : (A, {·, ·}A, µA, αA, βA) −→ (B, {·, ·}A, µB , αB , βB) is a morphism
of BiHom-Poisson algebras and αB and βB are invertible then, (B,αB , βB) becomes a left
BiHom-Poisson A-module via f , i.e, the structure maps are defined as λ(a, b) = µB(f(a), b)
and ρ(a, b) = {f(a), b}B for all (a, b) ∈ A×B.
Proof. The fact that λ and ρ are structure maps follows from the multiplicativity of αB and
βB with respect to µB and {·, ·}B . Next, observe that from the BiHom-commutativity of
µB and the Bihom-skew-symmetry of {·, ·}B that µB(b1, b2) = µB(α
−1β(b2), αβ
−1(b1)) and
{b1, b2}B = −{α
−1
B βB(b2), αBβ
−1
B (b1)}B for all b1, b2 ∈ B. Now, pick (x, y) ∈ A
×2 and v ∈ B
then sine f is a morphism of BiHom-algebras, we have by the BiHom-associativity in B
λ(αA(x), λ(y, v)) = µB(fαA(x), µB(f(y), v)) = µB(αB(f(x)), µB(f(y), v))
= µB(fµB(x, y), βB(v)) = λ(µB(x, y), βB(v))
Next, compute (6. 22) using the BiHom-Jacobi identity in the third line, as follows
ρ({βA(x), y}A, βB(v)) = {f{β(x), y}A, β(v)}B = {{βB(f(x)), f(y)}B , βB(v)}B
= {α−1B βB(βB(v)), αBβ
−1
B {α
−1
B βBf(y), αBβ
−1
B (βBf(x))}B}B
= {β2B(α
−1
B (v)), {f(y), α
2
Bβ
−1
B f(x)}B}B
= {β2B(α
−1
B f(v)), {βB(β
−1
B f(y)), αB(αBβ
−1
B f(x))}B}B
= −{β2B(β
−1
B f(y)), {βB(αBβ
−1
B f(x)), αB(α
−1
B (v))}B}B
−{β2B(αBβ
−1
B f(x)), {βB(α
−1
B (v)), αB(β
−1
B f(y))}B}B
= −{βB(f(y)), {αB(f(x)), v)}B}B − {αBβB(f(x)), {βBα
−1
B (v), αBβ
−1
B (f(y))}B}B
= −{βB(f(y)), {αB(f(x)), v)}B}B + {αBβB(f(x)), {f(y), v}B}B
= −{f(βA(y)), {f(αA(x)), v)}B}B + {f(αAβA(x)), {f(y), v}B}B
= −ρ(β(y), ρ(α(x), v)) + ρ(αβ(x), ρ(y, v))
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Similarly, using (2.3) for B and f is a morphism, we compute
ρ(αAβA(x), λ(y, v)) = {f(αAβA(x)), µB(f(y), v)}B = {αBβB(f(x)), µB(f(y), v)}B
= µB({βB(f(x)), f(y)}, βB(v)) + µB(βB(f(y)), {αB(f(x)), v}B)
= µB(f{βA(x), y}A, βB(v)) + µB(f(βA(y)), {f(αB(x)), v}B)
= λ({βA(x), y}A, βB(v)) + λ(βA(y), ρ(αA(x), v)) which is (6. 23)
Finally, using f is a morphism we obtain (6. 24) as follows
ρ(µA(βA(x), y), βB(v)) = {fµA(βA(x), y), βB(v)}B
= −{α−1B βB(βB(v)), αBβ
−1
B fµA(βA(x), y)}B
= −{αBβB(α
−2
B βB(v)), µB(αB(f(x)), αBβ
−1
B (f(y)))}B
= −µB({βB(α
−2
B βB(v)), αB(f(x))}B , βB(β
−1
B αBf(y)))
−µB(βB(αBf(x)), {αB(α
−2
B βB(v)), αBβ
−1
B (f(y))}) ( by (2.3) in B )
= −µB({β
2
Bα
−2
B (v), αB(f(x))}B , αB(f(y)))
−µB(βBαB(f(x)), {α
−1
B βB(v), αBβ
−1
B (f(y))}B)
= −µB(α
−1
B βB(αBf(y)), αBβ
−1
B {β
2
Bα
−2
B (v), αB(f(x))}B) + µB(αBβB(f(x)), {f(y), v}B)
= −µB(βB(f(y)), {βBα
−1
B (v), αBβ
−1
B (αBf(x))}) + µB(αBβB(f(x)), {f(y), v}B )
= µB(βB(f(y)), {αB(f(x)), v}B) + µB(αBβB(f(x)), {f(y), v}B )
= µB(f(βA(y)), {f(αA(x)), v}B) + µB(f(αAβA(x)), {f(y), v}B)
= λ(βA(y), ρ(αA(x), v)) + λ(αAβA(x), ρ(y, v))
Hence (B,αB , βB) is a left BiHom-Poisson A-module.
Similarly, we can prove
Proposition 6.8. If f : (A, {·, ·}A, µA, αA, βA) −→ (B, {·, ·}B , µB, αB , βB) is a morphism
of BiHom-Poisson algebras and αB and βB are invertible then, (B,αB , βB) becomes a right
BiHom-Poisson A-module via f , i.e, the structure maps are defined as λ(b, a) = µB(b, f(a))
and ρ(b, a) = {b, f(a)}B for all (a, b) ∈ A×B.
As the case of BiHom-alternative and BiHom-Jordan algebras , in order to give another
example of left BiHom-Poisson modules, let us consider the following
Definition 6.9. An abelian extension of BiHom-Poisson algebras is a short exact sequence
of BiHom-Poisson algebras
0 −→ (V, αV , βV )
i
−→ (A, {·, ·}A, µA, αA, βA)
pi
−→ (B, {·, ·}B , µB , αB , βB) −→ 0
where (V, αV , βB) is a trivial BiHom-Poisson algebra, i and pi are morphisms of BiHom-
algebras. Furthermore, if there exists a morphism s : (B, {·, ·}B , µB , αB , βB) −→
(A, {·, ·}A, µA, αA, βA) such that pi ◦ s = idB then the abelian extension is said to be split and
s is called a section of pi.
Example 6.10. Given an abelian extension as in the previous definition, the BiHom-module
(V, αV , βV ) inherits a structure of a left BiHom-Poisson B-module and the actions of the
BiHom-algebra (B, {·, ·}B , µB , αB , βB) on V are as follows. For any x ∈ B, there exist x˜ ∈ A
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such that x = pi(x˜). Let x acts on v ∈ V by λ(x, v) := µA(x˜, i(v)) and ρ(x, v) := {x˜, i(v)}A.
These are well-defined, as another lift x˜′ of x is written x˜′ = x˜ + v′ for some v′ ∈ V and
thus λ(x, v) = µA(x˜, i(v)) = µA(x˜′, i(v)) and ρ(x, v) = {x˜, i(v)}A = {x˜′, i(v)}A because V is
trivial. The actions property follow from the BiHom-Poisson identities. In case these actions
of B on V are trivial, one speaks of a central extension.
The next result allow to construct a sequence of left BiHom-Poisson modules from a given
one.
Proposition 6.11. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and Vφ,ψ = (V, φ, ψ)
be a left BiHom-Poisson A-module with the structure maps λ and ρ. Then for each n,m ∈ N,
the maps
λ(n,m) = λ ◦ (αnβm ⊗ IdV ) (6. 29)
ρ(n,m) = ρ ◦ (αnβm ⊗ IdV ) (6. 30)
give the BiHom-module (V, φ, ψ) the structure of a left BiHom-Poisson A-module that we
denote by V
(n,m)
φ,ψ
Proof. Since the structure map λ is a morphism of BiHom-modules, we get:
φλ(n,m) = φρl ◦ (α
nβm ⊗ IdV ) ( by (6. 31) )
= λ ◦ (αn+1βm ⊗ φ) = λ ◦ (αnβm ⊗ IdV ) ◦ (α⊗ φ) = λ
(n,m) ◦ (α⊗ φ)
Similarly, we get that ψλ(n,m) = λ(n,m) ◦ (β ⊗ ψ), φρ(n,m) = ρ(n,m) ◦ (φ ⊗ α) and ψρ(n,m) =
ρ(n,m) ◦(ψ⊗β). Thus ρ
(n)
l and ρ
(n)
r are morphisms of BiHom-modules. First, pick (x, y) ∈ A×2
and v ∈ V, then using (6. 21) in the second line for Vφ,ψ, we get
λ(n,m)(α(x), λ(n,m)(y, v)) = λ(αn+1βm(x), λ(αnβm(y), v))
= λ(µ(αnβm(x), αnβm(y)), ψ(v)) = λ(n,m)(µ(x, y), ψ(v))
Secondly, we compute
ρ(n,m)({β(x), y}, ψ(v)) = ρ({αnβm+1(x), β(y)}, ψ(v))
= ρ(αβαnβm(x), ρ(αnβm(y), v)) − ρ(βαnβm(y), ρ(ααnβm(x), v)) ( by (6. 22) in Vφ,ψ )
= λ(n,m)(αβ(x), λ(n,m)(y, v)) − λ(n,m)(β(y), λ(n,m)(α(y), v))
Next, we obtain
ρ(n,m)(βα(x), λ(n,m)(y, v)) = ρ(αβαnβm(x), λ(αnβm(y), v))
= λ{βαnβm(x), αnβm(y)}, ψ(v)) + λ(βαnβ(y), ρ(ααnβm(x), v)) ( by (6. 23) in Vφ,ψ )
= λ(n,m)({β(x), y}, ψ(v)) + λ(n,m)(β(y), ρ(n,m)(α(x), v))
Finally, we compute
ρ(n,m)(µ(β(x), y), ψ(v)) = ρ(µ(βαnβm(x), αnβm(y)), ψ(v))
= λ(αβαnβm(x), ρ(αnβm(y), v)) + λ(βαnβm(y), ρ(ααnβm(x), v)) ( by (6. 23) in Vφ,ψ )
= λ(n,m)(αβ(x), ρ(n,m)(y, v)) + λ(n,m)(β(y), ρ(n,m)(α(x), v))
Hence, V
(n,m)
φ,ψ is a left BiHom-Poisson A-module.
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Proposition 6.11 reads for the case of right BiHom-Poisson module as:
Proposition 6.12. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and Vφ,ψ = (V, φ, ψ) be
a right BiHom-Poisson A-module with the structure maps ∧ and δ. Then for each n,m ∈ N,
the maps
∧(n,m) = ∧ ◦ (IdV ⊗ α
nβm) (6. 31)
δ(n,m) = δ ◦ (IdV ⊗ α
nβm) (6. 32)
give the BiHom-module (V, φ, ψ) the structure of a right BiHom-Poisson A-module that we
denote by V
(n,m)
φ,ψ
Theorem 6.13. Let (A, {·, ·}, µ) be a Poisson algebra, V be a left Poisson A-module with the
structure maps λ, ρ and α, β be endomorphisms of the Jordan algebra A and φ,ψ be linear self-
maps of V such that φ◦λ = λ◦(α⊗φ), φ◦ρ = ρ◦(α⊗φ), ψ◦λ = λ◦(β⊗ψ) and ψ◦ρ = ρ◦(β⊗ψ).
Write Aα,β for the BiHom-Poisson algebra (A, {·, ·}α,β = {·, ·}(α ⊗ β), µα,β = µ(α⊗ β), α, β)
and Vφ,ψ for the BiHom-module (V, φ, ψ). Then the maps:
λ˜ = λ ◦ (αβ ⊗ ψ) and ρ˜ = ρ ◦ (αβ ⊗ ψ) (6. 33)
give the BiHom-module Vφ,ψ the structure of a left BiHom-Poisson Aα,β-module.
Proof. It is clear that λ˜ and ρ˜ are morphisms of BiHom-modules. Netx, pick (x, y) ∈ A×2 and
v ∈ V, then using (6. 21) for Vφ,ψ in the second line we get:
λ˜(α(x), λ˜(y, v)) = λ(α2β(x), λ(αβ2(y), ψ2(v)))
= λ(µ(α2β(x), αβ2(y)), ψ2(v)) = λ(αβµ(α(x), β(y)), ψ2(v)) = λ˜(µα,β(x, y), ψ(v))
Secondly, we compute
ρ˜({β(x), y}α,β , ψ(v)) = ρ({α
2β2(x), αβ2(y)}, ψ2(v))
= ρ(α2β2(x), ρ(αβ2(y), ψ2(v))) − ρ(αβ2(y), ρ(α2β2(x), ψ2(v)) ( by (6. 22) in Vφ,ψ )
= λ˜(αβ(x), λ˜(y, v))− λ˜(β(y), λ˜(α(y), v))
Next, we obtain
ρ˜(βα(x), λ˜(y, v)) = ρ(α2β(x), λ(αβ2(y), ψ2(v)))
= λ{α2β(x), αβ2(y)}, ψ2(v)) + λ(αβ2(y), ρ(α2β(x), ψ2(v))) ( by (6. 23) in Vφ,ψ )
= λ˜({β(x), y}α,β , ψ(v)) + λ˜(β(y), ρ˜(α(x), v))
Finally, we compute
ρ˜(µα,β(β(x), y), ψ(v)) = ρ(µ(α
2β2(x), αβ2(y)), ψ2(v))
= λ(α2β2(x), ρ(αβ2(y), ψ2(v))) + λ(αβ2(y), ρ(α2β2(x), ψ2(v))) ( by (6. 23) in Vφ,ψ )
= λ˜(αβ(x), ρ˜(y, v)) + λ˜(β(y), ρ˜(α(x), v)))
Hence, V
(n,m)
φ,ψ is a left BiHom-Poisson A-module.
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Corollary 6.14. Let (A, {·, ·}, µ) be a Poisson algebra, V be a left Poisson A-module with
the structure maps λ and ρ, α, β be endomorphisms of the Poisson algebra A and φ,ψ be
linear self-maps of V such that φ ◦ λ = λ ◦ (α ⊗ φ), φ ◦ ρ = ρ ◦ (α ⊗ φ), ψ ◦ λ = λ ◦ (β ⊗ ψ)
and ψ ◦ ρ = ρ ◦ (α⊗ ψ).
Write Aα,β for the BiHom-Poisson algebra (A, {·, ·}α,β = {α⊗ β}, µα,β = µ(α⊗ β), α, β) and
Vφ,ψ for the BiHom-module (V, φ, ψ). Then the maps:
λ˜(n,m) = λ ◦ (αn+1βm+1 ⊗ ψ) and ρ˜(n,m) = ρ ◦ (αn+1βm+1 ⊗ ψ) (6. 34)
give the BiHom-module Vφ,ψ the structure of a left BiHom-Poisson Aα,β-module for all n,m ∈
N.
Proof. the proof follows from Proposition 6.11 and Theorem 6.15
Similarly, we can prove the following result which is the analogous of Theorem 6.15 for
right BiHom-Poisson modules.
Theorem 6.15. Let (A, {·, ·}, µ) be a Poisson algebra, V be a right Poisson A-module with the
structure maps λ, ρ and α, β be endomorphisms of the Jordan algebra A and φ,ψ be linear self-
maps of V such that φ◦λ = λ◦(α⊗φ), φ◦ρ = ρ◦(α⊗φ), ψ◦λ = λ◦(β⊗ψ) and ψ◦ρ = ρ◦(β⊗ψ).
Write Aα,β for the BiHom-Poisson algebra (A, {·, ·}α,β = {·, ·}(α ⊗ β), µα,β = µ(α⊗ β), α, β)
and Vφ,ψ for the BiHom-module (V, φ, ψ). Then the maps:
∧˜ = ∧ ◦ (φ⊗ αβ) and δ˜ = ρ ◦ (φ⊗ αβ) (6. 35)
give the BiHom-module Vφ,ψ the structure of a right BiHom-Poisson Aα,β-module.
In the case of Poisson algebras, we can form semidirect products when given a left (or a
right) module. Similarly, we have
Theorem 6.16. Let (A, {·, ·}, µ, α, β) be a BiHom-Poisson algebra and (V, φ, ψ) be a left A-
module with the structure maps λ and ρ. Then (A⊕V, [,˙]˙, ∗, α˜, β˜) is a BiHom-Poisson algebra
where ∗, [·, ·] : (A⊕V )⊗2 −→ A⊕V, (a+u)∗(b+v) := µ(a, b)+λ(a, v)+λ(α−1β(b), ψ−1φ(u)),
[a+u, b+v] := {a, b}+ρ(a, v)−ρ(α−1β(b), ψ−1φ(u)) and α˜, β˜ : A⊕V −→ A⊕V, α˜(a+u) :=
α(a) + φ(u) and β˜(a+ u) := β(a) + ψ(u) called the semidirect product of the BiHom-Poisson
(A,µ, {·, ·}, α, β) and (V, φ, ψ).
Proof. Clearly, α˜ and β˜ are multiplicative with respect to ∗ and [·, ·]. Next
β˜(a+ u) ∗ α˜(b+ v) = (β(a) + ψ(u)) ∗ (α(b) + φ(v))
= µ(β(a), α(b)) + λ(β(a), φ(v)) + λ(β(b), φ(u)
= µ(β(b), α(a)) + λ(β(b), φ(u) + λ(β(a), φ(v)) ( by the BiHom-commutativity of µ )
= β˜(b+ v) ∗ α˜(u+ v). (6. 36)
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Next, pick (a, b, c) ∈ A×2 and (u, v, w) ∈ V ×2, then
(
(a+ u) ∗ (b+ v)
)
∗ β¯(c+w) =
(
µ(a, b) + λ(a, v) + λ(α−1β(b), ψ−1φ(u))
)
∗ (β(c) + ψ(w))
= µ(µ(a, b), β(c)) + λ(µ(a, b), ψ(w)) + λ(α−1β2(c), λ(β−1α(a), φψ−1(v))
+λ(α−1β2(c), λ(b, (ψ−1φ)2(u))) ( using λ is a morphism )
= µ(α(a), µ(b, c)) + λ(µ(a, b), ψ(w)) + λ(µ((α−1β)2(c), β−1α(a)), φ(v))
+λ(µ((α−1β)2(c), b), ψ−1φ2(u)) ( using BiHom-associativity and (6. 21) ) (6. 37)
= µ(α(a), µ(b, c)) + λ(µ(a, b), ψ(w)) + λ(µ(a, βα−1(c)), φ(v))
+λ(µ(α−1β(b), α−1β(c), ψ−1φ2(u)) ( using BiHom-commutativity )
Similarly, we prove that
α¯(a+ u) ∗
(
(b+ v) ∗ (c+w)
)
= µ(α(a), µ(b, c)) + λ(µ(a, b), ψ(w)) + λ(µ(a, βα−1(c)), φ(v))
+λ(µ(α−1β(b), α−1β(c), ψ−1φ2(u))
Hence (A⊕V, ∗, α¯, β¯) is a BiHom-commutative BiHom-associative algebra. Now, observe that
(A ⊕ V, [·, ·], α¯, β¯) is a BiHom-Lie algebra (Proposition 4.9, [14] ). Finally, let (a, b, c) ∈ A×2
and (u, v, w) ∈ V ×2. Then
[α¯β¯(a+ u), (b+ v) ∗ (c+ w)] = [αβ(a) + φψ(u), µ(b, c) + λ(b, w) + λ(α−1β(), ψ−1φ(v)]
= {αβ(a), µ(b, c)} + ρ(αβ(a), λ(b, w)) + ρ(αβ(a), λ(α−1β(c), ψ−1φ(v)))
−ρ(µ(βα−1(b), βα−1(c)), ψψ−1φ2(u)) = µ({β(a), b}, β(c))
+µ(β(c), {α(a), c}) + λ({β(a), b}, ψ(w)) + λ(β(b), ρ(α(a), w)) + λ({β(a), α−1β(c)}, φ(v))
+λ(β2α−1(c), ρ(α(a), ψ−1φ(v))) − λ(β(b), ρ(βα−1(c), ψ−1φ2(u)))
−λ(β2α−1(c), ρ(b, ψ−1φ2(u))) ( by (2.3), (6.23), (6.24))
=
(
µ({β(a), b}, β(c)) + λ({β(a), b}, ψ(w)) + λ(β2α−1(c), ρ(α(a), ψ−1φ(v)))
−λ(β2α−1(c), ρ(b, ψ−1φ2(u)))
)
+
(
µ(β(c), {α(a), c}) + λ(β(b), ρ(α(a), w))
−λ(β(b), ρ(βα−1(c), ψ−1φ2(u))) + λ({β(a), α−1β(c)}, φ(v))
)
( rearranging terms )
= [β¯(a+ u), (b+ v)] ∗ β¯(c+ w) + β¯(b+ v) ∗ [α¯(a+ u), (c+ w)]
Hence, the conclusion follows.
Remark 6.17. Consider the split null extension A⊕V determined by the left BiHom-Poisson
module (V, φ, ψ) for the BiHom-Poisson algebra (A, {·, ·}, µ, α, β) in the previous theorem.
Write elements a+v of A⊕V as (a, v). Then there is an injective homomorphism of BiHom-
modules i : V → A ⊕ V given by i(v) = (0, v) and a surjective homomorphism of BiHom-
modules pi : A ⊕ V → A given by pi(a, v) = a. Moreover, i(V ) is a two-sided BiHom-ideal of
A⊕V such that A⊕V/i(V ) ∼= A. On the other hand, there is a morphism of BiHom-algebras
σ : A → A ⊕ V given by σ(a) = (a, 0) which is clearly a section of pi. Hence, we obtain the
abelian split exact sequence of BiHom-Poisson algebras and (V, φ, ψ) is a left BiHom-Poisson
module for A via pi.
28
Definition 6.18. Let (A, {·, ·}, µ, α, β) be a BiHom Poisson algebra. A skew-symmetric n-
linear map f : A× · · · ×A︸ ︷︷ ︸
n times
→ A that is a derivation in each argument is called an n-BiHom-
cochain, if it satisfies
f(α(x1), · · · , α(xn)) = α ◦ f(x1, · · · , xn),
f(β(x1), · · · , β(xn)) = β ◦ f(x1, · · · , xn).
The set of n-Hom-cochains is denoted by Cnα,β(A,A), for n ≥ 1.
Definition 6.19. Let (A, {·, ·}, µ, α, β) be a regular BiHom Poisson algebra. For n = 1, 2, the
coboundary operator δn : Cnα,β(A,A)→ C
n+1
α,β (A,A) is defined as follows:
δ1f(x, y) = {α(x), f(y)} − {f(x), α(y)} − f({α−1β(x), y}) (6. 38)
δ2f(x, y, z) = {αβ(x), f(y, z)} − {αβ(y), f(x, z)} + {αβ(y), f(x, z)}
−f({α−1β(x), y}, β(z)) + f({α−1β(x), z}, β(y)) − f({α−1β(y), z}, β(x)) (6. 39)
Lemma 6.20. The coboundary operators δi are well defined, for i = 1, 2.
Proof. For any x, y, z ∈ A we have
δ1f(α(x), α(y)) = {α2(x), fα(y)} − {fα(x), α2(y)} − f({α−1βα(x), αy)})
= {α2(x), αf(y)} − {αf(x), α2(y)} − f({αα−1β(x), α(y)}) = α ◦ δ1f(x, y)
and
δ2f(α(x), α(y), α(z)) = {αβα(x), f(α(y), α(z))} − {αβα(y), f(α(x), α(z))}
+{αβα(y), f(α(x), α(z))} − f({α−1βα(x), α(y)}, βα(z)) + f({α−1βα(x), α(z)}, βα(y))
−f({α−1βα(y), α(z)}, βα(x)) = {αβα(x), αf(y, z)} − {αβα(y), αf(x, z)}
+{αβα(y), αf(x, z)} − f(α({α−1β(x), y}), αβ(z)) + f(α({α−1β()x, z}), αβ(y))
−f(α({α−1β(y), z}), αβ(x)) = α ◦ δ2f(x, y, z)
In the same way, we obtain δ1f ◦ β = β ◦ δ1f and δ2f ◦ β = β ◦ δ2f.
Then δi are well defined, for i = 1, 2.
Theorem 6.21. With notations as above, we have
δ2 ◦ δ1 = 0.
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Proof. Let f ∈ C1α,β(A,A) and (x, y, z) ∈ A
×3 then, we have:
δ2 ◦ δ1f(x, y, z) = {αβ(x), δ1f(y, z)} − {αβ(y), δ1f(x, z)} + {αβ(y), δ1f(x, z)}
−δ1f({α−1β(x), y}, β(z)) + δ1f({α−1β(x), z}, β(y)) − δ1f({α−1β(y), z}, β(x))
= {αβ(x), {α(y), f(z)}} − {αβ(x), {α(z), f(y)}} − {αβ(x), f({α−1β(y), z})}
−{αβ(y), {α(x), f(z)}} + {αβ(y), {α(z), f(x)}} + {αβ(y), f({α−1β(x), z})}
+{αβ(z), {α(x), f(y)}} − {αβ(z), {α(y), f(x)}} − {αβ(z), f({α−1β(x), y})}
−{{β(x), α(y)}, fβ(z)} + {αβ(z), f({α−1β(x), y}), } + f({{α−2β2(x), α−1β(y)}, β(z)})
+{{β(x), α(z)}, fβ(y)} − {αβ(y), f({α−1β(x), z}), } − f({{α−2β2(x), α−1β(z)}, β(y)})
−{{β(y), α(z)}, fβ(x)} + {αβ(x), f({α−1β(y), z}), } + f({{α−2β2(y), α−1β(z)}, β(x)})
= {β2(αβ−1(x)), {β(αβ−1(y)), α(α−1f(z))}}+ {β2(αβ−1(x)), {β(α−1f(y)), α(βα−1(z))}}
−{αβ(x), f({α−1β(y), z})} − {β2(αβ−1(y)), {β(α−1f(z)), α(βα−1(x))}}
+{β2(αβ−1(y)), {β(β−1α(z)), α(α−1f(x))}}+ {αβ(y), f({α−1β(x), z})}
+{β2(αβ−1(z)), {β(β−1α(x)), α(α−1f(y))}}+ {β2(αβ−1(z)), {β(α−1f(x)), α(αβ−1(y))}}
−{αβ(z), f({α−1β(x), y})} + {β2(α−1f(z)), {β(αβ−1(x)), α(β−1α(y))}}
+{αβ(z), f({α−1β(x), y}), } − f({β2(α−1(z)), {β(α−1(x)), α(α−1(y))}})
+{β2(α−1f(y)), {β(β−1α(z)), α(β−1α(x))}} − {αβ(y), f({α−1β(x), z}), }
−f({β2(α−1(y)), {β(α−1(z)), α(α−1(x))}}) + {β2(α−1f(x)), {β(αβ−1(y)), α(αβ−1(z))}}
+{αβ(x), f({α−1β(y), z}), } − f({β2(α−1(x)), {β(α−1(y)), α(α−1(z))}})
( since {u, v} = −{βα−1(v), αβ−1(u)} ∀u, v ∈ A)
= 0 ( by the BiHom-Jaobi identity) .
For n = 1, 2, the map f ∈ Cnα,β(A,A) is called an n-BiHom-cocycle δ
nf = 0. We denote
the subspace spanned by n-Bihom-cocycles by Znα,β(A,A) and B
n
α,β(A,A) = δ
n−1Cn−1α,β (A,A).
Since δ2 ◦ δ1 = 0, B2α,β(A,A) is a subspace of Z
2
α,β(A,A). Hence we can define a cohomology
space H2α,β(A,A) of as the factor space Z
2
α,β(A,A)/B
2
α,β(A,A).
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